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Chemoreception; Boundary condition approach 

We determine the ligand current into a single spherical cell whose receptors become p ermanently blocked after binding ligands. 
Initially the cell is placed in a medium which contains ligands at uniform concentration. The analytical solution for the l&and 
distribution is obtained in term of an integral over the solution at the cell surface. For the solution at the cell surface a nonlinear 
integral equation is derived which is solved numericalJy. We determine the timedependent ligand current into the cell and the 
average number of free receptors in the cell surface as a function of time. 

1. In-on 

Many processes in living cells are regulated by 
the flow of certain ligands into the cell. This 
information current depends on the details of the 
concentration gradient at the cell’s surface. In the 
present paper we consider the ligand current into 
a single saturating cell. The cell is modeled as a 
sphere of radius R on which initially N, S- 1 
receptors for ligands are distributed; these recep- 
tors are assumed to be character&d by a single 
linear dimension S. In this model system, a recep- 
tor specific for the ligands in the exterior medium 
becomes permanently blocked after binding 
ligands. Thus, as more and more ligands are bound 
to the cell, fewer receptors remain free for further 
binding. This situation occurs in the binding of 
antibodies to liposomes which bear fluorescent 
haptens, as in the experiments of Petrossian and 
Owicki [l]. By measuring the fluorescence of a 
dilute system of these liposomes one obtains the 
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average number of free receptors on the lipo- 
somes, as a function of time. We shall solve this 
time-dependent problem using the boundary con- 
dition approach of.DeLisi and Wiegel[2,3]. 

We consider the problem in which a cell is 
placed at t = 0 in a medium with ligands at uni- 
form concentration. The problem will be for- 
mulated mathematically in section 2. In section 3 
an analytical expression for the solution is derived 
in terms of the solution on the cell surface. This 
leads to a nonlinear integral equation which is 
solved numerically as described in section 4. In 
section 5 the ligand current into the cell is shown 
for some representative parameters. We also 
calculate the time dependence of the average num- 
ber of free receptors. 

2. Diffusion equation for the ligand distribution 
around a saturating cell 

Consider a spherical cell of radius R, placed in 
a medium containing ligands at uniform con- 
centration initially. In the membrane of the cell 
No (* 1) receptors are immersed. These receptors 
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are assumed to be characterized by a single length 
s and can each capture only a finite number of 
ligands. The ligands in the exterior medium are 
assumed to follow diffusive paths and their trans- 
lational motion is characterized by a diffusion 
coefficient D. The medium is macroscopically at 
rest. If c(r,t) denotes the number density of 
ligands at position P and time t, the time evolu- 
tion of c(r,t) is governed by the diffusion equa- 
tion [2], In view of the spherical symmetry of the 
problem this reads 

$a&) = i+(‘,f) + +a&) 0) 

where r- ]r] >R and r>O. 
Initially, the cell is supposed to be in a homoge- 

neous medium, in which the number density of 
ligands is constant 

c( T,O) = c#-J (2) 

At the cell surface we impose a time-dependent 
boundary condition 

c(R,t)-a(t)&c(R;.i)=O (3) 

This boundary condition expresses the fact that 
not every encounter of a ligand with the cell 
surface leads to binding of the ligand (cf. refs. 2 
and 4). It is time dependent since the receptors are 
supposed to become blocked after binding ligands. 
In the course of time, more and more receptors 
wilI no longer be available for ligand capture and 
hence the probability that a ligand close to the 
membrane will be bound decreases. As shown in 
ref. 4, the function a(t) can be written in the form 

(4) 

Here N(t) denotes the average number of receptor 
sites at time t that are not blocked due to l&and 
binding. It will be clear that (Y is a strictly increas- 
ing function of time expressing the fact that in the 
course of time various receptors are blocked 
successively. 

The average number of free receptors N(t) can 
be expressed in terms of the ligand current into 

the cell. Let J(t) be the total ligand current into 
the cell at time t, i.e. 

J(t) = D/,, VC- e, dS = 4rR2Di3,c(R,t) (5) 

where S is the surface of the cell and e, the 
outward pointing normal. The average number of 
free receptor sites, N(t), is then determined by 

dN( t) 
- = -Lqt) dt 

with initial condition N(0) = N,. Here, K is a 
constant coupling the influx of ligands to the rate 
of change of the number of free receptors. If K = 0 
we again obtain the situation as treated in ref. 4. 
For K = 1 a receptor can bind exactly one ligand. 
In general 0 I K I 1, and a receptor can bind a 
certain finite number of ligands before becoming 
blocked. A value for K + 1 is related to situations 
in which a receptor has more than one binding site 
for ligands or when a cluster path of receptors is 
treated as one effective receptor. The total set of 
expressions, eqs. 1-6, determines the ligand distri- 
bution c(r,t). Through the coupling of N(t) with 
&c(R,t) the boundary condition, eq. 3, is nonlin- 
ear in view of eq. 4. 

The problem as formulated so far is quite com- 
plicated. It is, however, possible to relate it to the 
one-dimensional heat equation [5]. Indeed, letting 

c(r,t) = cg 1 - 
[ ;fw] 

and introducing the new variable x = r - R, one 
obtains for the function f 

~a,fw = a,,fkt) (8) 

with initial condition 

f (.o) = 0 
and boundary condition 

(9) 

a,f(o,t) - A.+ iR --&))/(w= -$) 00) 

By writing c(r,r) in the form of eq. 7 one has 
transformed the problem to a one-dimensional 
problem for f(x, t). This latter problem is much 
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easier to handle and can be treated analytically to 
a large extent. 

Integrating eq. 6 and using eqs. 5 and 7 one 
obtains 

Iv(t) = N(O) - 4nR2DKco~t[ kj(O,T) 

- a,/@,~)] d7 01) 

which implies that eq. 10 can be written as 

-kj(O,t) + NW = hcp(0 (12) 

where 

and 

1 
VW - h(0) 

- - + y[l -j(o,t)] 

(13) 

In this we represent cu(t) as 

1 
l +aW -=- 

a(t) a(O) 

with 

(15) 

1 8% -=- 
a(O) lrR2 (16) 

and 

B(t) = 4sDrqi’[ a,j(O,7) - +j(O,r)] dr (17) 

The solution of eqs. 8-10 with e(t) as given in 
eq. 15 will be derived in section 3. It will be shown 
that j( x, t) can be expressed as an integral over all 
previous times of the solution at the cell’s surface. 

3. Analytic solution for the ligand distribution 

The determination of j proceeds in two steps. 
First, we find the integrating function 

L(x,t) =ffx,t) - ;%j(x>r) 08) 

Second, we solve f(x, t) from this equation. 

It is straightforward to show that L(x,t) satis- 
fies the following system of equations 

a,L(x,t) = Dax,Ltx,t) 09) 
L(x,O) = 0 (20) 
Jw4t) = cp(t> (20 
The solution to this problem can be found in ref. 5 
and is given by 

Integrating eq. 18 formally, with this L(x,t), one 
obtains [5] 

f(x,t) = F,-.+ dg 

Xi; f ndY(w,db-‘2 dp (23) 
x, I 

where 

and 

Y(W,W) = t - (x + dZ 
4Dp2 

(24) 

The function cp contains a constant part plus a 
time-dependent part. The integration in eq. 23 
over this constant part can be performed ex- 
plicitly. In total this yields 

f (x,t> = R+Ru(0) [l-erf(--+)-e*(iihDI) 

X erfc 
( 

“+hm 
2jx 1 

+ ~/o9e-“” dv~~,r,nP(0)B(Y) 

x(1 -f(o,~))e-~~ dp 
1 

(26) 

where erf and erfc are the error function and the 
complementary error function, respectively [6]. 

From this result, one observes that if the recep- 
tors can bind infinitely many ligands, i.e., the cell 
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does not saturate, the parameter K in eq. 6 is zero, 
and the integral in eq. 26 is zero since fl= 0. In 
this case eq. 26 reduces to the solution which was 
derived in ref. 4. Note also that the right-hand 
side of eq. 26 contains only the solution on the 
boundary ~(O,T), integrated over the entire his- 
tory, since /3 can be expressed in terms of f(0,~) 
only, as will be shown shortly. Finally, it should 
be pointed out that eq. 26 implies a nonlinear 
integral equation (by setting x = 0) from which 
f(O,t) can be determined, thus closing the set of 
equations. 

We will now express p in terms of f(0,~) only 
and introduce a coordinate transformation for eq. 
26 which expresses the integral equation for f(O,r) 
in a form suitable for numerical treatment. In 
view of eq. 12 one may write 

= 1--$;7) + /3(7)[1 -f(0,7)] 

Combination with eq. 17 gives 

P(t) = 4Dxc0$[ “O$- l 

+8(T)(f(OJ) - I) d7 1 
which is equivalent to 

d/3(t) 4DKC@ 
- = cr(o) [f(W - 11 dt 

(27) 

(28) 

+4~G+B(t)[fKV) - 11 (29) 
However, this is an ordinary differential equation 
for b(t), which has the solution 

40)8(t) = exp[ /dsCz) dz] jdB(r) 

Xexp[-p(9) d4] dz 

where 

B(2) =4Dlcc,s[f(O,z) - 11 

(30) 

(31) 

Note that p(t) is now expressed in terms of f(0,~) 
only. Moreover, since 0 I c( r, t) I c0 for all r,t, 
one has 0 <f(O,t) ZG 1 and hence B and /9 are 
negative. If we denote the solution for K = 0 by 
f&,(x,t), this implies f(x,t) ~&,,(x,t) and hence 

c(rJ) - c,(,)(~,t) 2 0 (32) 

where c,(~) is given by eq. 7 with f replaced by 
f nt,,j. Hence, due to saturation of the cell, the 
ligand distribution in the exterior medium is higher 
than if the cell does not saturate. 

Since solving f(x,t) from eq. 26 analytically 
does not seem possible, we introduce a change of 
coordinates which renders eq. 26 more ap- 
propriate for numerical evaluation. Putting 

(33) 

v=p- 
x + h-4 

2JBi 

eq. 26 becomes 

f(x,t) = R+Ra(0) [1-ef[--&] -eh(x+hDr) 

+hm 
I 

x (1 -f (0,yl)e-y2e-y2 dv 
I 

(35) 

where 

1 
(36) 

(37) 

This expression is quite convenient for a numeri- 
cal determination of f(O,t), which forms the sub- 
ject of section 4. Once f(0, t) has been determined, 
all other quantities follow in a straightforward 
way. 
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4. Numericd tide&nation of the solution at the 
cell surface 

Setting x = 0 in eq. 35 one obtains a nonlinear 
integral equation for f(O,t) which has the form 

f= R 
R + a(0) (38) 

where f = f(O,t) and T is the solution at the cell’s 
surface at constant a(O), i.e., K = 0. This solution 
was derived in ref. 4 and is given by 

F( 1) = 1 - ehZDf erfc( hfi) (3% 
The operator I is defined by 

x (1 -f(0,yl))e-YV2 dV @J) 

where y1 and y2 are given by eqs. 36 and 37 upon 
setting x = 0. We may now define a sequence of 
functions (j* ) by ( , 

f,,= ‘R 
R + a(0) 

F ‘6 

fn= R R+a(O) ( 
F+ +r(fn-d) 77 

with n = 1, 2, 3,. . . . This sequence 
f(O,t) in the maximum norm that is 

(41) 

(42) 

converges to 

(43) 

If f(0, t) is known, f(x, t) can be determined 
numerically through eq. 35. The integrations in- 
volved in eq. 40 were performed using Gauss- 
Laguerre integration [7]. The convergence of this 
scheme is relatively slow, but can be increased by 
defining the sequence 

R 

” = R + a(O) F 

f1= R R+a(O) 
F+ +1(F) 

?I 

f”,= R R + a(0) 
F+ +-m-1 -fn-2)) WI I7 

0.00 5.00 10.00 15.00 20.00 25.00 
t 

a function of t which converge to the solution on the cell 
surface f(0.t). In this calculation, R = 5 X 10e6 m; u(0) = 
1O-6 m; D -lo-lo m* s-l (values taken from ref. 2) and 
KC~S = lo-’ m- ‘. A plot is shown of the fist 15 iterands, 

according to the scheme defined by eqs. 44-46. 

where n = 2, 3,4, . . . . After about 15 iterations 
this scheme has convefged to f(O,t) with an error 
of O(10m3). In fig. 1 the sequence (f,) is plotted 
for a characteristic set of parameters. The upper- 
most curve corresponds to the case a = a0 which 
was treated analytically in ref. 4. As one observes 
from fig. 1, the time scale after which almost all 
receptors are blocked is about 25 s for these 
parameters. 

In fig. 2, we have plotted f (0,t) for various sets 
of parameters. In all cases we used D = 1 X lo-*’ 
m* s-l, R = 5 x 10V6 m (values taken from ref. 2) 
and a(0) = 1 X 10d6 m (taken from ref. 4). One 
clearly recognizes that as K decreases, it takes 
longer and longer before effectively all receptors 
are blocked due to binding of a ligand. If we 
define this time T, as f (0, T,) = 0(10m2), one notes 
from fig. 2 that T, - ~/(DKc~s). In addition, it is 
clear that as K decreases the curves f(O,E) ap- 
proach a common limit curve if one takes 5 -% Kt. 
Since the ligand current into the cell and the 
average number of free receptors are directly re- 
lated to f (0, t), these quantities share this property 
as well. 
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KC ost 

Fig. 2. The solution f(O,t) on the cell surface with R = 5 X 10e6 
m; D=lO-‘O mz s-1. CT(O) -lo-” m and KC,+ = (1) lo-‘, 

(2) lo’_ 3 and (3) lo-’ m-2. 

In section 5, we turn to a discussion of the 
ligand distribution and the ligand current into the 
cell as well as to the time dependence of the 
average number of free receptors. 

5. Ligmd distribution and ligand current into the 
cell 

Here, we first consider the ligand distribution 
and ligand current for some parameter sets. Next, 
the time dependence of the average number of free 
receptors on the cell surface is determined. 

With the procedure described in section 4, the 
solution at the cclI surface is determined for a 
representative choice of parameters. Using eq. 35 
we then determined f(x,t). A typical example of 
f(x,l) is shown in fig. 3. An interesting feature is 
that in the long-time regime the solution near the 
cell surface is already quite close to the stationary 
value whereas at large distances (in units R) a 
significant deviation with respect to this stationary 
value exists and only slowly diffuses away. We 
also studied the corresponding ligand distribution 
c( r,l). For short times the ligand distribution 

closely resembles the solution found in ref. 4 for 
(Y = ~$0) = constant, In the long-time regime, one 
again observes close to the cell surface a ligand 
concentration close to the limiting co, with small 
positive gradient, whereas far away (in units R) in 
the medium there is a relatively large deviation 
from the equilibrium state. 

The ligand current into the cell is shown in fig. 
4 for several sets of the parameters. For conveni- 
ence we considered J(t)/Jo where Jo is the sta- 
tionary ligand current into a perfectly absorbing 
sphere given by Jo - 47rR.D~~ [2]. This can be 
written in terms of the solution on the cell surface 
using eqs. 5, 7 and 27 as 

Jo = ;a&(R,r) = R f (04 
J, 

-a,f(o,t) + 7 
1 

= y-&(1 -f(W)0 f 4w(o) (47) 

For small times the ligand current closely resem- 
bles that found for the case of constant a (K = 0). 
However, due to saturation, the ligand current 
decreases monotonically to zero as t + 00. 

“OF-” 
t 1 

Fig. 3. The solution f(x.t) as a function of x for various t 
values (Parameters as in fig. 1). The index on the curves 

corresponds to the time (in s) in units At = 0.25 s. 
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Fig. 4. The ligand current J( Q/J, as a function of time. 
Parameters as in fig. 2. 

We now turn to the average number of free 
receptor sites as a function of time. As can be 
easily verified, one may write 

c&) = 1+ cr(O)/3(t) 

In fig. 5 we have plotted N( t)/N, as a function of 
time for a representative choice of parameters. 
The decrease in number of free receptors is quite 
sharp for short times. In this regime we have seen 
that the ligand current into the cell J(t) is high 
(cf. fig. 4). 

The number of free receptors is related to the 
fluorescence as a function of time of a system of 
liposomes bearing fluorescent receptors on its 
surface, as in the experiments of Petrossian and 
Owicki [l]. They placed the liposomes in a medium 
containing ligands which can bind to the fluo- 
rescent groups of certain receptors in the mem- 
brane of the liposome. After binding the fluo- 
rescent groups become extinct. Thus, the fluo- 
rescence decreases as more and more ligands are 
bound. In a dilute system of these liposomes the 
fluorescence as a function of time was measured 
[l]. Let H(t) be the fluorescence at time t, then if 
we assume that the concentration of liposomes is 

so low that the ligand distribution around a cell is 
not influenced by the binding of ligands by other 
cells in the neighborhood, one expects that 

Comparing the experimental results with the pre- 
dictions of this model, one obtains good agree- 
ment in the short-time regime. In the long-time 
regime the predicted decrease of N(t) it too sharp 
as compared to the experimental results. There are 
various possible effects, not included in the model, 
which could account for this discrepancy. In the 
long-time regime, the ligand distribution far away 
from the cell deviates significantly from the sta- 
tionary value (cf. fig. 3 and its discussion). Hence, 
also in the dilute regime there is a coupling be- 
tween the ligand currents of various cells. This 
may give rise to a fractional exponential decay in 
the long-time regime [8]. Another effect is related 
to an experimental problem. The fluorescent head 
groups can be located not only on the outside but 
also on the inside of the membrane, Perhaps in the 
long-time regime some of the free receptors from 
the inner membrane flip over to the outer mem- 
brane and are ready for ligand capture_ Finally, 

1.0 , , , , I , , , 

KC gt 

Fig. 5. The number of free receptors N(r)/& as a function of 
time. Parameters as in fig. 2. 
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the reaction in which a ligand is bound to a 
receptor is reversible so that previously blocked 
receptors may release a ligand that is already 
bound and become fluorescent again. We hope to 
extend the model to include these effects. 
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